Abstract-The present contribution is concerned with an exact frame-based pulsed-beams expansion of planar aperture timedependent electromagnetic fields. The propagating field is described as a discrete superposition of tilted, shifted and delayed electromagnetic pulsed-beam waveobjects over the frame spectral lattice. Explicit asymptotic expressions for the electromagnetic pulsed-beam propagators are obtained for the commonly used pulsed-quadratic windows.
INTRODUCTION
Beam-type field expansion schemes have been the subject of an intense research in the past decade for scalar time-harmonic [1] [2] [3] as well as time-dependent fields [4] [5] [6] [7] . The motivation to use these expansions lies in their mutual spectral-spatial (and temporal for time-dependent fields) localization and the capability to propagate the expansions' waveobjects in different complex environments. Such scalar and electromagnetic (EM) wave solutions have been obtained in anisotropic medium [8] [9] [10] [11] [12] [13] , dispersive medium [14] [15] [16] [17] , inhomogeneous medium [18] [19] [20] [21] [22] and for inverse scattering [23] [24] [25] [26] [27] [28] . Several electromagnetic beam scattering and diffraction problems have been solved for rough surface scattering [29, 30] , dielectric interfaces [31, 32] , stratified media [33] [34] [35] [36] , and more. The expansion propagating elements have been termed phase-space (spectral) Green's functions, as they link induced sources in the configuration-space to phase-space distributions of scattered fields, as well as phasespace distributions of incident fields to phase-space distributions of scattered fields [7, 21] . Recently a novel beam-type waveobjects were obtained [22, 37, 38] by applying a non-orthogonal coordinate system which is a priori matched to localized aperture field distributions. These waveobjects which were termed tilted Gaussian beams, are suitable for planar beam-type expansions and exhibit enhanced accuracy over the commonly used paraxial solutions.
An exact beam-type expansion of scalar planar aperture timedependent fields was introduced in [4] for 2D and in [5] for 3D configurations in which the propagating fields are decomposed into a continuous spectrum of shifted, tilted and delayed pulsedbeam waveobjects. The frame-based field expansion utilizes the overcompleteness of phase-space representations and introduced a discrete spectral representation. This method for time-dependent fields was introduced in [6] .
Though beam-expansion schemes for scalar fields have been the subject of intense research, electromagnetic expansions in terms of Gaussian/pulsed beams has been significantly less explored. In [39] [40] [41] Gaussian beams have been used for analysis of large reflector antennas, in which the expansion coefficients are obtained by numerically matching Gaussian beams to the far zone field of the feed antenna. These methods do not employ an exact field expansion schemes and therefore, they cannot be applied for near-field analysis, or in exact field calculations.
Recently the scalar time-harmonic field expansion scheme was extended to include electromagnetic fields in [42] where an exact frame-based expansion of planar aperture time-harmonic EM field was introduced. The propagating EM field was described as a discrete superposition of tilted and shifted EM Gaussian beams over the frame spectral lattice. The propagating waveobjects are localized solutions of Maxwell's equations which carry a Gaussian decay away from the beams' axes. In [43] , an EM frame-based expansion was introduced in which the EM field was a priori decomposed into transverse electric and transverse magnetic wave polarizations by processing the transverse field components into novel TE and TM EM beam-type waveobjects. The present investigation extends the time-harmonic representation in [42] for time-dependent EM aperture fields and introduces the time-dependent EM pulsed-beam waveobjects which are requires for the exact expansion as well as their asymptotic evaluation.
PLANE-WAVE DECOMPOSITION
We are concerned with obtaining a discrete exact pulsed-beam spectral representation for the time-dependent EM field in z ≥ 0 due to sources in z < 0, given the transverse electric field components over z = 0
wherex andŷ are the conventional cartesian unit-vectors and r t = (x, y) denotes the transverse coordinates. We use the conventional cartesian coordinate system in which the configuration space is described by r = (x, y, z). Here and henceforth hat over vector denotes a unit vector. The propagation medium is homogeneous with 0 and µ 0 denoting the free space permittivity and permeability, respectively.
Analytic Fields
In order to gain flexibility in the derivation, particularly when evanescent spectra are involved, it is convenient to use the analytic field representation. Given a real field E(r, t) that is defined for real (physical) time t, the corresponding analytic field is defined by the convolution integral
Here and henceforth, analytic fields are denoted by a breve mark (˘). Note that though the physical time is real, the time argument of an analytic field can be complex (see for example Eq. (9)). The limit of the analytic field on the real t-axis is related to the real field E(r, t) by E(r, t) = E(r, t) − jH t E(r, t), t real (3) where H t = P(1/πt)⊗ is the Hilbert transform operator, with P denoting Cauchy's principal value and ⊗ denoting a temporal convolution. Therefore the real field for real t is recovered from the analytic field via E(r, t) = ReȆ(r, t).
Alternatively the analytic fieldȆ(r, t) can be obtained by applying a one-sided (positive frequencies) inverse Fourier transform to the spectral (frequency domain) distribution of the real field E(r, t). Since this paper is concerned with a direct time-domain derivation this approach is not investigated here.
Transient Plane-wave Representation
The analytic transient plane-wave spectral distribution,Ȇ 0 (κ t , τ ) of the time-dependent aperture field over the z = 0 plane,Ȇ 0 (r t , t), is defined by [44] Ȇ
where κ t = (κ x , κ y ) are the directional spectral variables, τ denotes the temporal spectral variable and c denotes the speed of light in vacuo. Eq. (5) is a Radon transform ofȆ 0 (r t , t) in the three dimensional (r t , t) space, consisting of projections ofȆ 0 (r t , t) along surfaces of linear delay. It extracts fromȆ 0 (r t , t) the transient plane-wave field which is propagating in a κ t -dependent direction (see (9)). The inverse transform is of (5) is given by
where
The aperture field distribution in (6) can easily be propagated into z > 0 half-space by applying a standard plane-wave analysis. The longitudinal spectral component in the z direction is obtained from Gauss law
Thus the electric field in z ≥ 0 is given by the plane-wave superposition
and the unit vectorκ
The transient plane-wave representation in (9) describes the electric fieldȆ(r, t) in term of an angular superposition of transient EM planewave propagators each emanates from z = 0 plane in the direction of the unit-vectorκ in (11).
SCALAR FRAME-BASED PULSED-BEAM EXPANSION
In order to establish the EM frame-based pulsed-beam expansion we shall briefly review here the main results of the scalar time-dependent frame-based beam decomposition which was introduced in [6] . Timedependent beam summation is constructed in the framework of the windowed Radon transform frames, where the aperture fieldȗ 0 (r t , t) is expanded using a set of windowed Radon transform functions. The aperture fieldȗ 0 (r t , t) is assumed to be band-limited in the frequency interval Ω = (ω min , ω max ).
The pulsed-beam expansion is constructed over the discrete 5D frame spectral lattice
where (∆x, ∆ȳ) are the unit-cell dimensions in the (x, y) coordinates, and (∆κ x , ∆κ y ) and ∆τ denote the unit-cells dimensions in the spectral variables (κ x , κ y ) and τ , respectively. We use the index N = (N x , N y , N κx , N κy , N τ ) to tag the lattice points (see Figure 1) . These unit-cell dimensions satisfy
where 0 ≤ ν x,y ≤ 1 are the overcompleteness (or oversampling) parameters in x and y axes, respectively. The lattice is overcomplete for ν x,y < 1, critically complete in the Gabor limit ν x,y ↑ 1 [45] , and for ν x,y ↓ 0 the discrete parametrization attains the continuity limit as in [4, 5] . It is convenient to chose equal-direction unit-cell dimensions ∆κ x = ∆κ y = ∆κ and equal-space unit-cell dimensions ∆x = ∆ȳ = ∆r t , though this choice is not essential. The unit cell dimensions should satisfy the overcompleteness criterion ω c ∆κ∆r t = 2πν, Figure 1 . Discrete frame spectral lattice. The fields in z ≥ 0 are evaluated by superposition of tiled, shifted and delayed pulsed-beams which are emanating from the aperture distribution plane over the discrete frame spatial-directional-temporal lattice in (13) .
at some reference frequencyω, that is chosen to be greater then ω max , i.e.,ω = Aω max with typically 2.5 < A < 3 [6] . In (15) , 0 ≤ ν ≤ 1 is termed the overcompleteness parameter. After constructing the frame spectral lattice a proper synthesis ("mother") window which is denoted byψ(r t , t) is chosen. The frame representation of some aperture scalar field distribution over z = 0 plane is given by
where the expansion frame-set, ψ N (r t , t), are obtained from the synthesis window ψ(r t , t) via
Throughout the paper superscript N denotes an object over the frame spectral lattice in (13) . In the frame representation in (16) , the expansion coefficients a N are given by the inner product of the aperture field with the so-called analysis ("dual") window, ϕ(r t , t), namely,
The analysis window can be evaluated by several ways which are listed in [6] (see also (37) ). Eq. (16) represents the aperture field as a discrete superposition of shifted, tilted and delayed time-dependent windows, each are localized about the frame lattice points which are tagged by the index N .
The scalar field in z > 0 due to sources in z < 0 is obtained by propagating each ψ N (r t , t) window element in summation (16) into z > 0 half-space. Therefore, the frame-based representation of the field in z ≥ 0 is given by
where each beam propagator, P N , satisfies the scalar wave equation
subject to causality boundary conditions. The beam propagator can be evaluated in several ways such as time-dependent Green's function (Kirchhoff's) integration or by applying a transient plane-wave spectral decomposition of the form in (9), i.e., P N (r, t) = ReP N (r, t) wherȇ
withψ N denoting the transient plane-wave spectrum (5) ofψ
By inserting (17) into (23), we identifỹ
The spectral representation in (20) describes the field as a discrete superposition of pulse-beam waveobjects, that emanate from points (x,ȳ) on the frame spectral lattice, in a discrete set of directions which are determine by the spectral wavenumbers (κ x ,κ y ) and in a discrete set of delaysτ (see Figure 1) . In order to obtain a discrete EM vectorial frame-based representation, we find a frame spectral representation for the transient plane-wave spectrum of the aperture field,ȗ 0 (κ t , τ ). By applying the Radon transform operator in (23) to the analytic continuation of (16),ȗ 0 (r t , t), and inverting the order of integration and summation we obtaiñ
whereψ N is given in (24) and the expansion coefficients are evaluated from the aperture field via (18).
ELECTROMAGNETIC PULSED-BEAM EXPANSION
In order to obtain a frame-based representation of the transient electric field, E(r, t), we define the coefficients vector a N via the inner product
where the analysis window ϕ N (r t , t) is given in (19) . Using (25) for each electric field transverse component, we may writȇ
whereψ N (κ t , τ ) is given in (24) . By inserting (27) with (7) into (9) and inverting the order of integration and summation, we obtain
where a N x and a N y are given in (26) , and
By using −c∂ xψ
, and so forth, the real part of (28) yields
where the electric fields of the EM beam propagators, E N x (r, t) and E N y (r, t), are obtained from the scalar beam propagator
Equation (30) with (31) and (32) represent the electric field, E(r, t), as a discrete superposition of EM pulsed-beam waveobjects, E N x and E N y , which are the electric field propagators due to the aperture electric field x and y components over z = 0 plane, respectively. The excitation amplitudes of these EM waveobjects, a N x and a N y , are obtained by projecting the aperture field distribution on the analysis window as in (26) . The spectral summation in (30) represents the electric field in terms of a discrete superposition of localized EM pulsed-beam propagators which emanate from each point over the frame spectral lattice in (13) . The beam propagators are characterized by spatial and temporal localization and high directivity (see specific example for pulsed-quadratic windows in (48)-(51)).
By applying Faraday's law, (30), we obtain the corresponding magnetic field in z ≥ 0
where the magnetic fields of the EM beam propagators, H N x and H N y , are given by
and the scalar beam propagator, P N (r, t), is given in (31).
EXAMPLE: PULSED-QUADRATIC FRAMES
The general frame representation in Section 4 is applied here for the special case of pulsed-quadratic windows which has been used extensively for modeling beam propagation, since they maximize the localization as implied by the uncertainty principle, and yield analytically trackable beam-type propagators [4-7, 11, 20] . The pulsedquadratic synthesis spatial and spectral windows arȇ
where Γ = Γ r + jΓ j is a complex parameter with Γ j < 0. In order to evaluate the corresponding pulsed-quadratic analysis window, we shall make use of the high-oversampling approximation (see derivation in the Appendix)
where the operator S is obtained fromψ via
with ⊗ denoting a temporal convolution. For Lorentzian-pulsed quadratic windows the approximation is valid for ν x,y < 0.4. In order to apply the high-oversampling approximation in (37) to the windows in (36) we choose a simple Lorentzian pulse-shape which is attained by choosing the analytic signal
where T is a real parameter which models the time-dependent signal's temporal pulse length andδ(t) is the analytic delta-function in the upper half of the complex t-planȇ
This signal has a frequency-domain exponential distribution of exp(−T |ω|/2) and therefore its maximal frequency is modeled by 1/T . Next we assume that the window is short on the scale of the aperture field so that T ω −1 max where ω max is the EM field maximum frequency in (12) . Under this condition, the exponential decay of the frequencydomain window distribution can be neglected over the field effective frequency interval Ω and the window can be approximated as constant. Thus the inverse operator
By inserting approximation (41) into (37) we can approximate the corresponding analysis window by
where ν = ν x = ν y is the oversampling parameter in (14) and the prime denotes a derivative with respect to the argument, i.e.,δ (t) = 1/jπt 2 . This type of windows gives rise to pulsed-quadratic beam waveobjects which exhibits frequency independent collimation (Rayleigh) distance and therefore are termed iso-diffracting [46] . The iso-diffracting nature makes these waveobjects highly suitable for UWB radiation representations [2, 5, 10, 43, 47] .
The scalar beam propagators are obtained by inserting (36) into (31) . The resulting plane-wave spectral integral was evaluated asymptotically in [5, 42] . The resulting paraxial scalar pulsed-beam waveobjects are obtained by utilizing the local beam coordinates, r b = (x b , y b , z b ), which are defined, for a given spectral point (x,ȳ,κ x ,κ y ) on the frame spectral lattice, by the transformation
where (θ,φ) are the spherical angles that define the unit-vector
i.e.,
By utilizing the beam coordinates, the beam waveobject can be evaluated asymptotically by
are the so-called complex curvatures of the pulsed-beams. Parameterization of the waveobjects in (46) can be found in [5] . Next, the electric field pulsed propagators are evaluated by inserting (46) into (32) and collecting the higher asymptotic order. Alternatively, the asymptotic electric field can be evaluated directly from (28) . Note, that the difference between the electric field spectral integral (28) and the scalar field representation in (31) , is only in the amplitude elements, so we can sample the amplitude at the on-axis stationary point (κ x , κ y ) = (κ x ,κ y ). Thus, using (45), the electric field E N x is given by
where Γ x,y (z b ) and Ψ(r b ) are given in (47) and (46), respectively. The corresponding magnetic field spectral integral may be easily obtained from the electric field by using the well-known relation for plane-
0κ ×Ẽ. By evaluating the resulting spectral integral asymptotically, one obtains H
where 
and
CONCLUSION
An exact expansion scheme for time-dependent EM waves in terms of EM pulsed-beams was introduced. By applying a frame-based expansion, the electric and magnetic fields are described as a discrete summation of shifted, tilted and delayed pulsed-beams which emanate from the aperture plane over the frame spectral lattice. The EM propagators are obtained from a scalar propagators by applying simple differential operators. In the short-pulse regime a simple closed form expressions were obtained for the commonly used pulsed-quadratic windows. This EM field expansion is suitable for analyzing EM wave propagation and scattering in complex environments, both in the near and far field regions.
APPENDIX A. DERIVATION OF (37)
The analysis window can be evaluated by the high-oversampling approximation which, for a time-harmonic frames with frequency ω, is given by [47] ψ 2 ϕ(r t , ω) ∼ = ν x ν y ψ(r t , ω).
where ψ(r t , ω) is the time-harmonic synthesis window and
In order to obtain a time-domain analogue to the approximation in (A1), we apply the inverse (temporal) analytic Fourier transform
to both sides of (A1). This procedure yields 
where f is a real function,g(t) denotes the analytic signal which is corresponding to g(ω) and ⊗ denotes temporal convolution. By using (A5) in (A4) we obtain (Sφ)(t) ∼ = ν x ν yψ (r t , t),
where the operator
Next we insert (A2) into (A7) and invert the order of integrations. This procedure yields
Finally by applying the convolution theorem to (A8) we obtain the result in (38) and applying the inverse operator S −1 to both sides of (A6) yields the result in (37) .
